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THM 1

Section 0
Introduction

Representation theory began with an observation by Dedekind. For a finite
abelian group G and formal variables x, for ¢ € G, define a |G| x |G| matrix
X¢ by defining the entry at row g column / to be x,;,. Dedekind computed its
determinant det X for various abelian groups and observed that it can always
be factored into linear factors.

He then wrote a letter to Frobenius to ask for a proof. Frobenius then studied
this behaviour for abelian and non-abelian groups, and gave a proof as well as
a generalization to non-abelian groups:

 Suppose G is a finite abelian group. Then
detXs = n (Z x(g)x ), (1)
x:G-Cx\ geG

where the product is over all group homomorphisms y : G - C*. Such a
homomorphism is called a group character.

* Suppose G is a finite group, not necessarily abelian. Then
r
d .
detXg = [ | p;(2)*8", (2)
j=1

where p; are pairwise non-proportional irreducible polynomials and r is the
number of conjugacy classes of G.

This marks the beginning of representation theory.
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Section 1

Basic Notions of
Representation
Theory

Throughout this section k will denote a general field as the base field.

® 1.1 Representation of Algebras

v 1.1.1 Associative Algebras

An (associative) algebra over k is a vector space over k equipped with a
bilinear associative multiplication with unit. An associative algebra is called
commutative if the multiplication is commutative. An (algebra) homomor-
phism is a linear map between algebras that preserves multiplication and unit.

« If V is a vector space, then A = GL(V) is an algebra, where multiplication is
composition.

« A =k(xq,-,x,), the free algebra over k, is generated by x;, -, x,, with no
relations.

« For a group G, the group algebra A = k[G] has basis {ag (g € G} and multi-
plication defined by a, - a;, = ag.,.

A left / right ideal of an algebra is a vector subspace I C A such that for every
ae A,al CI/1IaCI. A (two-sided) ideal is a subspace that is both a left ideal
and a right ideal. If I is an ideal, we can form the quotient algebra A/I = {a +
I :a € A}, with the quotient (algebra) homomorphism 7 : A - A/l,a — a+ I.
The ideal generated by a subset S is denoted (S).



DEF 1.2

EX 1.3

PROP 1.4

COR 1.5

An algebra can be generated by generators and relations. Let k(xq, -, x,)
be the free algebra, and f;,--,f,, € k(xq,---,x,,) be the relations; then A =
k{x1,+,%,)/{f1, -+ fmn) is called the algebra generated by x, ---, x,, subject to the
relations f1, -+, f,,,.

v 1.1.2 Representations

A representation of an associative algebra A, also called a left A-module, is a
vector space V with an algebra homomorphism py, : A - End(V). We denote

py(a)(v) bya-o.

+ V = A itself can be made into a representation, by defining py/(a) to be the
left multiplication by a. This is called the regular representation.

« If A = k(x, -+, x,,), then a representation of A is equivalent to a vector space
V with n linear operators (in correspondence to the variables x;).

A representation is called faithful if py, is injective.

A subrepresentation of V is a subspace W C V, such that p,,(W) CW. A
representation is called irreducible or simple if its only subrepresentations is
0 and itself.

If V; and V, are two representations, a (representation) homomorphism
Vi1 — V, is a linear map ¢ : V; — V, such that ¢(a-v) =a-¢(v) foralla e A
and v € V;. ¢ is called a isomorphism if it’s an isomorphism of vector spaces.
In this case, V; is isomorphic to V,.

If V; and V, are two representations, we can make their direct sum V; & V, into
a representation by a- (v; ® v,) = (a-v) ® (a-v,). This is called the direct
sum of representations. A representation V is called indecomposable if it’s
not isomorphic to a direct sum.

By definition irreducible representations are indecomposable; the converse is
in general not true. The basic questions of representation theory is then the
classification of irreducible and indecomposable representations.

Suppose V; and V, are two representations of A, ¢ is a non-zero representation
homomorphism V| - V,.

« If V; is irreducible, then ¢ is injective.
« If V, is irreducible, then ¢ is surjective.
« If V; and V, are both irreducible, then ¢ is an isomorphism.

If k is additionally algebraically closed and V is a finite dimensional irreducible
representation of A, then all representation homomorphisms V — V are scalar
multiplications.

If k is algebraically closed and A is additionally commutative, then every
irreducible representation of A is 1-dimensional.



EX 1.6

« A = k(x) where k is algebraically closed. Since A is commutative, irreducible
representations of A are V = k and py/(x) = A for some A € k.

A representation of A is a vector space with a linear operator; therefore,
indecomposable representations of A are linear operators that has only one
Jordan block.

« A = k[G] for some group G. A representation of A is a vector space V with
a homomorphism G — GL(V); such a homomorphism is called a represen-
tation of the group G.

® 1.2 Representation of Quivers

PROP 1.7 I

A quiver is a directed graph, possibly with self-loops and parallel edges. For
an edge h pointing from k' to h", h" is called the source and /" is called the
target. The source of /1 will always be denoted /', and the target will always
be denoted h".

A representation of a quiver Q is an assignment to every vertex ¢ a vector
space V; and to every edge ' — h" a linear map V), — V.

For a quiver Q with finitely many vertices, we can define its path algebra
Pg, generated by the set of paths' in Q, and multiplication given by path
concatenation, zero if two paths cannot be concatenated.

b a

a-b

At each vertex i, there is a trivial path p;, consisting of only one vertex, i
itself. If Q has finitely many vertices, then the unit of the path algebra P, is
1= Z4verte><iPi'

A representation of a quiver Q is the same as a representation of its path algebra
Pg.

actually, walks, as we allow repeated vertices and edges; we will still use the word paths
however.



® 1.3 Representation of Lie Algebras

EX 1.8
adjoint representation

THM 1.9 |

For introductory materials on Lie algebras and their representations, we refer
to the Lie Groups and Lie Algebras course notes.

A representation of a Lie algebra g is a Lie algebra homomorphism p: g —
gl(V).

If V=g, then p:g - gl(V), x » [x,—] is a Lie algebra representation, called
the adjoint representation. This p is usually denoted ad, and ad,(y) = [x,y]-

Let g be a Lie algebra, with basis {xq,---,x,,}. Suppose [xi, x]-] =3 ci-‘]-xk, where
ci-‘j € k are called the structure constants. The universal enveloping algebra,
t(g), is the associative algebra generated by xy, ---, x,, subject to relations X;Xj —
Xix; =), c{-‘jxk. Representations of a Lie algebra are the same as representations

of its universal enveloping algebra.
The ordered monomials x‘fl---xg” with d; € Z form a basis of L/(g).

If V.and W are representations of g, then we can form a Lie algebra represen-
tation on V ® W, the tensor representation, by

Pvew 8= gl(V @ W),

3
x - py(x) ®id —id ® ppw (x), %)

and a representation on the dual space V*, the dual representation, by

py+(x) 1 g = gl(V"),
4)

x = —py(x)T,

T denoting adjoint. The form of these representations are deduced from the
tensor and dual representation of its corresponding Lie group representation.

® 1.4 Example: Representations of sl,

Suppose s, is the special linear Lie algebra over C. sl, has a basis

e=("o)h=(" 1) F=(30) ©)

with relations
[he]l =2e, [hf]=-2f, [e,f]=h (6)

Therefore, a representation of sl, is the same as a vector space V over C with
three linear operators E, F, H, satisfying HE — EH = 2E, HF — FH = —2F, EF —
FE = H. We now discuss its finite dimensional irreducible representations.



Step 1. Pick an eigenvalue of H with largest real part, and denote V (1) its gener-
alized eigenspace, V(A) = {v € V : (H — AI)"v = 0 for some n > 0}. Since (H —
(A+2))E = E(H — Al), wehave (H — (A + 2)])"E = E(H — AI)"; therefore, for
every v € V(A), Ev € V(A + 2). But A has the largest real part, so Ely ) = 0.

Step 2. Let P,(x) = nlx(x — 1)---(x — n + 1). By induction, if w € V such that
Ew = 0, then for any n > 0, E"F"w = P,,(H)w.

Step 3. If v € V(A), then by a similar argument as Step 1, Fv = V(A —2),
so F'v € V(A — 2n). Since dim V < oo, H has only finitely many eigenvalues;
therefore, for some N, V(A —2N) =0, so FNv =0 for v € V(A).

Step 4. By Step 2, ENFN|V(A) =0 = Py(H)ly,,- As Py has no multiple roots,
this tells us that H is diagonalizable on V (1); therefore, V(1) is the eigenspace
of A, VIA) = {v e V:Hv = Av).

Step 5. Suppose v € V(A). Let N be the smallest integer such that FNv = 0.
By induction EFfv = kF*-1Hov — (k — 1)kFk=1o = k(A —k + 1)Fk=1o; let k = N,
then EFNv = 0 but FN~1v # 0. Therefore, NAW - N +1) =0,s0A =N — 1.

Step 6. Therefore, for any positive integer N, there is an irreducible represen-
tation of sl, with basis

F2v FN-1y

U0 =0, 0 =F0 02 = s ON-1 S NIy

)

with actions

F F F F
Cuoy Coy Cuo, Con_q
O°0°0° 0
H H H H
with eigenvalue N —1 N-3 N-5 1-N

and this representation is denoted V, where A = N — 1; moreover they are all
irreducible representations of sl,.



Section 2

General Results on
Representation
Theory

From here on we will assume that the base field k is an algebraically closed field.

® 2.1 Semisimple Representations

DEF 2.1 I

EX 2.2

PROP 2.3 I

A representation V of A is called semisimple if it is the direct sum of some
irreducible representations.

If V is an irreducible representation of A and py, : A — End(V), then the vector
space End (V) can be made into a representation of Abya-A = p,(a)Afor A €
End(V). End(V) is (representation) isomorphic to V®" where n = dimV, so
End(V) is a semisimple representation of A.

Let us denote V®" by nV. Every semisimple representation of A has the form
V = @, n;V,, where V; are pairwise non-isomorphic finite dimensional irre-
ducible representations of A. If W, is a vector space of dimension n;, then n;V; =
V; ® W,;, where the action of A on W; is trivial (W; only records the multiplicity
of V;). By Schur’s lemma, W, is isomorphic as a vector space to Homy (V;, V);
therefore,

n
V= @V,-@HomA(Vi,V). (8)
i=1

This is called the isotypical decomposition.

Suppose V; (1 <i < m) are pairwise non-isomorphic finite dimensional irre-
ducible representations of A, and V = @, n;V;. Suppose W is a subrepresen-



COR 24

COR 2.5

tation of V. Then W = @, r;V; where r; < n;, and the inclusion ¢ : W < V is
of the form ¢ = @]., ¢;, where ¢; : 1;V; - n;V,, (01, . vri) > (vl, -~,vri) - X;
and X; is a r; x n; matrix of full rank.

If V is a finite dimensional representation of A, vy, -+, v, are linearly indepen-
dent vectors in V. Then for any w,,---,w,, € V, there is some a € A such that
av; = w; for all i.

1. Suppose V = @, V; where (V; p;) are pairwise non-isomorphic finite
dimensional irreducible representations of A.

Then @, p; : A - @', End(V,) is surjective.
2. Suppose V is a finite dimensional representation of A.

Then V is irreducible if and only if p : A — End (V) is surjective.

@ 2.2 Semisimple Algebras

DEF 2.6 I

\ 4

10

An associative algebra A is called semisimple if every finite dimensional
representation of it is semisimple.

We will classify all semisimple algebras in this section. We first look at an
important class of semisimple algebras, the matrix algebras.

2.2.1 The Matrix Algebra

Let d; (1 < i < r) be distinct integers, V; = k% and M; = End(V,) = Mat .4, (k).
Let A = @!_; M;. We will discuss the representations of A.

Obviously, each V; itself is a representation of A by the projection pr; : A —
M; = End(V;), and this representation is irreducible since A contains all oper-
ators on V.

Suppose now that X is an n-dimensional representation of A. We can form the
dual representation on the dual space X*; however this representation is for
the opposite algebra A°P, the same algebra but with the order of multiplication
reversed. This representation is given by (a-f)(v) =f(a-v), fora € A, f € X*
and v € X. In the particular case of a matrix algebra, we actually have A°P =
A, by the isomorphism B — BT; therefore, X* is a representation of A.

Pick a basis {y;,-,y,} of X* and let ¢ : A®" - X*, (ay,-,a,) = Y.\ a;y;.
Since A contains all scalar multiplications, ¢ is surjective. Therefore, ¢* gives
a injection X — (A®")",

Through the map Mat,, ;(k) - Mat,,4(k)*, B~ tr(BT - =), (A®")" is isomor-
phic to A®" as representations of A. Therefore,



COR 2.10

®n

r on r
@* X - (A®")" = A" = (@ End(Vi)) = (@ d%) : 9)
i=1 i=1
Therefore, there is an injection X — @;_, nd;V;; by Proposition 2.3, X is the
direct sum of some V,’s.

In corollary, all irreducible representations of A are V;, and all representations
of A are direct sums of V,.

v 2.2.2 Classification of Semisimple Algebras

11

In this section, we will see that every semisimple algebra is isomorphic to
a matrix algebra. Also, we will justify the name “semisimple”: a semisimple
algebra is equivalent to a direct sum of simple algebras (ones with no non-trivial
ideals). We will use the concept of filtrations; a more detailed examination of
filtrations will be postponed.

Suppose V is a finite dimensional representation of A. A finite filtration of V
is a sequence of subrepresentations

0=V, CV,CCV,=V. (10)

Any finite dimensional representation V admits a finite filtration 0 = V; C
VvV, C .- CV, =V, such that each quotient V,/V;_; is irreducible.

The radical of an algebra A, denoted rad A, is the set of elements a € A that,
for all irreducible representation (V,p) of A, p(a) = 0.

The radical of A is a two-sided ideal. It is the largest nilpotent ideal in A; every
nilpotent ideal is contained in rad A.

Any finite dimensional algebra A has only a finite number o finite dimensional
irreducible representations up to isomorphism. If we list them as V¢, ---, V,, then

A/rad A = @ End(V)). (11)
i=1

For any finite dimensional algebra A,

(dim V)? < dim A. (12)

V finite dimensional
irreducible representation

Let A be the algebra of all upper-triangular matrices. For 1 <i < n let (V; =
k,p;) be the representation given by p,;(X) = X;;. They are clearly irreducible
and pairwise non-isomorphic. Let B be the subalgebra of strictly upper-trian-
gular matrices. Then B is nilpotent and rad A D B. But A/ rad A is n dimensional
and Z?Zl (dim Vi)2 = n, it turns out that rad A = B and V; are all irreducible
representations.



PROP 2.12

DEF 2.13

THM 2.14

THM 2.15

LEM 2.16

+ Finite dimensional simple algebras are exactly those isomorphic to Mat,; (k)
for some d.

« For finite dimensional algebras, the following are equivalent:

1. radA =0.
: Z4V finite dimensional irreducible (dlm V> Z= dim A.
3. Any finite dimensional representation of A is semisimple, i.e. A semisim-
ple.
4. The regular representation of A is semisimple.
5. A= P, Matg .4, (k) for some d;; i.e., A is the direct sum of some simple
algebras.

® 2.3 Characters

Throughout this section A will be an arbitrary associative algebra.
Suppose (V, p) is a representation of A. The character of it is

XV:A_)k’

aw—troa). (13)

If V is irreducible, call x irreducible.

If we let [A, A] be the commutator subalgebra, the subalgebra generated by
elements of the form xy — yx, then characters actually factors through A/[A, A].

1. Characters of distinct irreducible representations of A are linearly indepen-
dent.

2. If A is finite dimensional and semisimple, then all irreducible characters of A
are distinct, and they form a basis for (A/[A, A])*.

® 2.4 Jordan-Holder Theorem and

12

Krull-Schmidt Theorem

Suppose that V is a finite dimensional representation of A. Then V admits
a finite filtration 0 = Vy C V; C .- C V,, = V such that each V,/V,_; is irre-
ducible.

Moreover, every two such filtrations are equal in length, and the quotients
V,;/V,;_, are isomorphic up to a permutation. The number 1 is called the length
of V, and the quotients are called the Jordan-Holder series of V.

Suppose W is indecomposable and 6, 6’ € End 4(W).

1. 0 is either an isomorphism or nilpotent.
2. If 0 and ¢ are both nilpotent, then so is 6 + 6.



THM 2.17

THM 2.18

13

Any finite dimensional representation of an algebra A can be uniquely (up to
isomorphisms and a permutation) decomposed into a direct sum of indecom-
posable representations.

2.5 Representations of Tensor
Products

If A and B are algebras, then their tensor product A ® B is also an algebra, with
multiplication (a ®b) - (a' ® ') = (aa") ® (bb").If V and W are representations
of A and B respectively, then V ® W is also a representation with componen-
twise action. Recall that End(V ® W) = End(V) ® End(W).

1. If V and W are irreducible, then V ® W is an irreducible representation of
A®B.

2. Any finite dimensional representation of A ® B can be uniquely expressed
in the form V@ W.

Proof.

1. The density theorem says that A - End (V) and B — End (W) are surjective.
Therefore, A ® B —» End(V ® W) is also surjective, hence the irreducibility.

2. By taking A’ = impy, and B’ = im pyy, we may assume that A = A" and B =
B’ are finite dimensional.

Claim. rad(A ® B) =rad A ® B+ A ® rad B.
If the Claim is true, then

A®B/rad(A®B) =A/rad A ® B/rad B

:( D End(V))@( P End(W)DM)

V fin. diml. irr. W fin. diml. irr
= B End(V o W),
V,W

therefore proving the result.

Prove of the claim: let | =rad A ® B+ A ® rad B. I is nilpotent, and A ®
B/I = @y yyEnd(V ® W) by the above calculation is semisimple. There-
fore, I is the largest nilpotent ideal, hence the radical.



Section 3
Representations of
Finite Groups

Let G be a finite group, k algebraically closed and k[G] the group algebra.

THM 3.1 § k[G] is semisimple if and only if |G| € k is not zero (or equivalently char k > 0
and char k | |G]).

Therefore, our general results of semisimple algebras apply. In particular,
k[G] = By, End(V), so

Gl =) (dimV)2 (15)
Virr

This is called the sum of squares formula.

® 3.1 Characters

Define the vector space of class functions
F(G k) ={f :G—>k:Vghf(ghg™') =f(h)}. (16)

Suppose G is a finite group and |G| # 0 in k. Recall that the character xy, of a
representation (V, py/) is defined as xy (g) = trpy (g).

THM 3.2 | Characters of irreducible representations form a basis of F.(G, k).

In particular, the number of irreducible representations of G is equal to the
conjugacy classes of G.

COR 3.3 J If char k = 0, then two representations of G are isomorphic if and only if their
character are equal.

14
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PROP 3.5

We are particularly interested in the case k = C. We can define a G-invariant
Hermitian inner product on F (G, C) by (f1,f>) = é decfl (9)f~(2).

If V and W are representations, then (xy, xy) = dim Homg(V, W).
In particular, the characters of irreducible representations are orthogonal.

Proof. Let p = |1€| > eeG8 € k[G] be the symmetrizer. py, (p) is a projection
from V to the stabilizer subspace V, so x;;(p) = dim VC.

Therefore,

Ctvoaw) = = Y xv@aw ()
Gl =

1

= @ggéXVQBW* (8) a7
= troyew-(p)

= dim(V @ W*)©

= dim Homg (W, V).

O

Therefore, by the isotypical decomposition, the regular representation of G can
be decomposed as @y, ., V@ (egutarxv )

@ 3.2 Complex Representations

15

A finite dimensional representation V over C of a group G is called unitary if
there exists a G-invariant positive definition Hermitian form on V.

By taking the symmetrizer, any finite dimensional representation of a finite group
G has a unitary structure. If V is moreover irreducible, then this structure is
unique up to scaling by a positive real.

As a corollary, by taking orthogonal complements, every finite dimensional
representation of a finite group G is completely reducible.

Let V over C be a irreducible representation of G and {v4, ---,v,,} an orthonor-
mal basis of V' with respect to the unitary structure. Let tl‘]( (g) = (pv( )V, v]->.

If V and W are both irreducible representations of G, then

1. . .
—— ifV=Wandi=k,j=1
£V WY = ldmv ! 2 (18)
( oM ) {0 otherwise.

In particular {tl‘]/ } form an orthogonal basis for F(G,C) = {f : G - C}.



EX 3.6

\ 4

16

3.2.1 The Character Table

Since the number of irreducible representations of a finite group is equal to the
number of conjugacy classes, we can draw a table with columns the conjugacy
classes, and rows the irreducible representations. On column C row V, we fill in
the character xy,(C) (conjugate elements share the same character). This forms
a square matrix on C, called the character table of G.

There are several properties of this square matrix.

1. The conjugacy class of e is e itself, and )y (¢) = dim V. Therefore, column
e are the dimensions of irreducible representations. By the sum of squares
formula, the sum of squares of the first column is equal to |G|.

2. Irreducible characters are orthogonal. Therefore, for any two different rows
Vi, Vo, 2.6IC1 - xv, (C)xv, (C) = 0. For any row V, » -|C| - |;(V(C)|2 =|Gl|.

3. Therefore, by properties of a orthogonal square matrix, the columns of a
character table are also orthogonal.

Character tables of G5, &4 and 4.
The character table of G5 can be constructed from the knowledge of

* a trivial representation,

+ a 1-dimensional sign representation,
+ sum of squares formula, and

« orthogonality of columns.

e (12) | (123)
X lg=1|#=3|#=2
trivial 1 1 1
sign 1 -1 1
(C?) 2 0 -1

The 2-dimensional representation can be generalized constructed as follows.
S,, acts by permutation of basis on C”, and there is an obvious invariant
subspace v + - + v, = 0. C"/(vy + --- + v + n = 0) is an irreducible represen-
tation of G,,.

The character table of G, can be constructed from the knowledge of

* a trivial representation and a sign representation,

+ a 3-dimensional representation, constructed as above,
« the tensor of two representations,

« orthogonality and sum of squares formula.



e (12) | (12)(34) | (123) | (1234)
x #=1|#=3| #=3 |#=8]| #=6
trivial 1 1 1 1 1

sign 1 -1 1 1 -1
C3 3 1 —1 0 -1

C3®sign | 3 -1 -1 0 -1

(C? 2 0 2 -1 0

Now what is this last 2-dimensional representation? Recall the last row of the
character table of G5: they coincide. Actually, this representation of &, is a
pullback of that representation of G.

Consider finite groups G, H and a surjective homomorphism ¢ : G - H. Then
for any irreducible representation V of H, the composition G - H — GL(V)
is a representation of G, and is irreducible by the density theorem. This repre-
sentation is called the pullback representation.

Now consider 2. There is a surjective homomorphism 2, — Z; by quotienting
out (12)(34). Therefore we get the trivial representation and two pullback

representations:
e (12)(34) | (123) | (132)
X w=1| #=3 |#=4|#=4
trivial 1 1 1 1
pullback 1 1 4 72
pullback 1 1 72 4
(C? 3 0 0 —1

The last row is by restriction: if H is a subgroup of G, then H - G — GL(V)
is a representation of H.

v 3.2.2 Frobenius Determinant

For a finite group G and formal variables x, for ¢ € G, define a |G| x |G| matrix
X by defining the entry at row g column % to be Xo-1p

THM 3.7 § Suppose G is a finite group, not necessarily abelian. Then

7

j=1

(19)

17



where p; are pairwise non-proportional irreducible polynomials and r is the
number of conjugacy classes of G.

¥ 3.2.3 Frobenius-Schur Indicator

Let G be a finite group and V a finite dimensional complex representation.
Say V is of

« complex type or C-type if V is not representation isomorphic to its dual
representation V*.

« real type or R-type if V admits a non-degenerate symmetric G-invariant
bilinear form.

« quaternionic type or H-type if VV admits a non-degenerate anti-symmetric
G-invarient bilinear form.

Every finite dimensional complex representation V is either of complex type,
or of real type (in which case V = U ® C for some real representation R), or
of quaternionic type.

THM 3.8 § For a representation V, let the Frobenius-Schur inducator be
1 2
FS(V) = = Y xv(g?). (20)
|G| geG
Then

1 if Vis of R-type,
FS(V) ={-1 if Vis of H-type, (21)
1 if Vis of C-type.

Proof. For a matrix A, tr A% = treoy (A ®A) —trp2, (A ® A). Therefore, letting
p be the symmetrizer,

FS(V) = xqay (p) — Xp2y (p) = dim (52V)G — dim (sz)c. (22)

Now notice that Hom(V*, V) = (V ® V)C = (SZV)G ® (AZV)G. The dimen-
sions of the direct summand could be 0,0, 1,0 or 0, 1, depending on whether V
is of C-type, R-type or H-type. O

v 3.2.4 Frobenius Divisibility

Denote by A the ring of algebraic integers.

THM 3.9 I If G is a finite group, V is a complex irreducible representation, then dim V | |G|.
Frobenius divisibility

Proof.

theorem

LEM 3.10 I Suppose C is a conjugacy class in G. Then A := x,(C) - diﬁlv is an algebraic
integer.

18



COR 3.11 |

v

THM 3.12 I

COR 3.13 ||
Burnside

Proof of Lemma. Let pc = ) gec8: Schur’s lemma implies that p- acts on V as
a scalar y, so trpc = udim V. Therefore, y = x,(C) - dilrilv =A

Z[G] is a finitely generated Z-module, and Z is Noetherian; so any submodule
of Z[G] is Noetherian. In particular, for any x € Z[G], Z[x] is finitely gener-
ated. Therefore, there is some n such that Z[x] is generated by 1,x,---, x".
Therefore x"*! = a,x" + --- + a,. Taking x = p- and evaluate on V, we obtain
A =g A" 4 ... + 4, so A is an algebraic integer. O

G G —
Q> di'm'V = di'm‘v<xV,xV> = = Y v OPICl = Y Acxv(C), where Ac

defined as in the Lemma. The right hand side is an algebraic integer, so diﬁlV S

QNnA="2Z. O
. . |G|

Actually, dim V divides Zo

3.2.5 Burnside’s Theorem

Let G be a finite group. If a conjugacy class C of G has p” elements (where p is
a prime and a > 0), then G is not simple.

Proof. The irreducible representations of G can be classified into three types:
the trivial representation; non-trivial irreducible representations with dimen-
sion divisible by p, denoted by D; non-trivial irreducible representations with
dimension not divisible by p, denoted by N. Then }_,,. xy(C)dimV =0, so
b=3 vep % xv(C)dimV € A. So

0=1+pb+ Y xy(C)dimV. (23)
VeN

However, ANQ = Z and b € A, so x(C) is a non-zero algebraic integer for
some V C N. xy(C) is the sum of some roots of unity; if the average of some
roots of unity is an algebraic integer, then either they sum to 0, or they are all
equal. Therefore, py/(C) = A -id, and ker py, is a non-trivial normal subgroup
of G. ]

If |G| = p*q® for prime p and g, then G is solvable.

@ 3.3 Virtual Representations

19

A virtual representation of a group G is a formal linear combination of
representations ) . n;V; where n; € Z. The character of a virtual representation
is the linear combination of the corresponding characters. If the inner product
of a virtual character is 1 and the total dimension is non-zero, then this virtual
character is a single irreducible representation.
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THM 3.15
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If G is a finite group, V a representation of G and H is a subgroup of G, then
the representation py, : G — GL(V) restricts to a representation of H: H - G —
GL (V). This representation is called the restriction, denoted Resg(V). Equiv-
alently, Resg(V) = Homy;(k[G], V) where k[G] is seen as a (k[G],k[H])
-bimodule; or k[G] ®g; V, where k[G] is seen as a (k[H], k[G])-bimodule.

The induced representation is the adjoint of the restricted representation. By
the tensor-Hom adjoint pair, we have, for a left B-module N and a left A-
module M,

Hom, (A ®5 N) = Homg(N, M),

Hom 4 (N, M) = Homg(N,Hom,4 (B, M)). (24)

The module A ®g N is called the induced A-module from N, and Hom 4 (B, M)
is called the coinduced B-module from M.

Now suppose U is a representation of H. Then U is a left k[H]-module; we
let the induced representation of U be the induced k[G]-module Indg(U) =
k[G] ®; U, and the coinduced representation of be the coinduced k[G]
-module coInde(U) = Homypy (k[G], U). For finite groups, the induced repre-
sentation is isomorphic to the coinduced representation.

1. If K C H C K, then Ind¥Ind$; = Ind§.

2. If U is a representation of H C G, then

Ind§(U) = {f : G — U:f(hg) = pu(W)f (), Vg EGhEH}. (35

The action is given by (¢ -f)(u) =f(xg) for x and g € G.
3. dimInd§(U) = dim U - 7.

As a vector space, Ind%; (V) can be written as @, g; ® U, where g; are coset
representatives of H.

Suppose H is a subgroup of a finite group G, W and representation of H and V
a representation of G. Then

Homg (Indg(ll), V) = HomH(U, Resg(V));
26
Homg (V,Indf (U)) = Homy(Resf (V), U). =0

In other words, Res and Ind are adjoint functors.

For complex representations, if y and ¢ are two characters (or in general class
functions) of H and G respectively,
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(x Resiiy) = (Indfx, ¢) . (27)
We also have the formula
Indf; (¢ - Resfj(y) ) = Indf () - . (28)

Suppose H is a subgroup of G, char k { |[H|, U is a representation of H and V =
Indg(LI). Then

1

Xv(x) = Zl )Cu(gixgi_l) = Z xu(gxg™), (29)
ging; ' €H 8EC
gxg~leH

where g; are coset representatives of H.

3.4.1 Mackey’s Irreducibility Criterion

Introduce the double cosets: if H and K are two subgroups of G, then G is the
disjoint union of some KsH for some double coset representatives s. The set
of double cosets (or a system of their representatives) may be denoted as K \
G/ H.

Suppose H and K are subgroups of G and (W, p) is a representation of H. We
wish to study Resﬁ(lndg (W)).

V= Indg(W) is the direct sum of images xW forx e G/ H. Lets € K\ G/ H
and let V(s) be the subspace of V generated by the images yW for y € KsH.
Then Res{V = V as a vector space is also a direct sum of the V(s)’s and V (s)
is stable under K, so they are also isomorphic as representations of K.

We can further decompose V (s): the subgroup of K consisting of elements x
such that x(sW) = sW is equal to H, = K N sHs™!, so V (s) is a direct sum of the
images x(sW) for x € K / H,. This is to say V(s) = Indﬁs (sW). The represen-
tation sW is in turn isomorphic to (W, p°) where p*(x) = p(s~!xs). Therefore,

Resg (Indf; (W) = @,g Indfy (W,) as representations of K.

Taking K = H, we derive an irreducibility criterion for induced representations.
Two representations W;, W, of G are called disjoint if Homs(W;, W,) = 0.

The induced representation V = Ind{;W is irreducible, if and only if W is irre-
ducible, and the two representations p° and Resﬁs (p) are disjoint. Here H, =
H NsHs™! and p*(x) = p(s71xs).

If H <1 G, then Ind§;(p) is irreducible if and only if p is irreducible and not

isomorphic to any of its conjugates p° for s & H.

Let A be a normal subgroup of a group G and let (V,p) be an irreducible
representation of G. Let V = @ V; be the isotypical decomposition of Res§ (V).
For s € G, p(s) permutes the V;; since V is irreducible it permutes transitively.



Let V;, be one of these V,’s; if Vi, =V then Res A(V) is isotypic, i.e. a direct sum
of 1somorph1c irreducible representatlons Otherwise let H be the subgroup of
G consisting of s € G such that PV, = Vi, Then A < H < G and ResA(V) is
induced by the natural representation of H on V;,- Therefore,

PROP 3.21 § If A < G, then

« either there is a subgroup A < H < G and an irreducible representation ¢ of
H such that p is induced by c; or
- Res§(p) is isotypic.

sentations of G from certain subgroups of H. (This is the method of little groups
of Wigner and Mackey).

semidirect products by
an abelian group

Since A is abelian, its irreducible representations are of dimension 1 and they
form a group A = Hom(A, C¥). G acts on A as (sy)(a) = x(s71as).

Let x; (i € A / H) be a system of representatives for the orbits of H in A. For
eachi € A / H let H; be the stabilizer subgroup of y;, and let G, = A x H; be the
corresponding subgroup of G. Extend the functions y; to G; by x;(ah) = x;(a)
fora € A and h € H;. Since h fixes x;, x; is a 1-dimensional character of G.

Now let p be an irreducible representation of H;. By composing p with the
projection G; — H; we obtain as irreducible representation ¢ of G;. Take the
tensor product of y; and g; we thus obtain an irreducible representation x; ® ¢
of G;. Let

6, = Indg (x; ® p). (30)

o s irreducible.
and 6y ,» are isomorphic, if and only if i = i’ and p = p'.
3. Every 1rreduc1ble representation of G is isomorphic to some 6; ,

EX 3.22 | Suppose G = A x H where A is abelian. We wish to construct irreducible repre-
PROP 3.23 ‘

v 3.4.2 Artin’s Theorem

Recall the set of class functions F.(G, C) and the inner product on it. Induction
gives a map

Ind$ : F.(H,C) - F.(G, C),

1 (31)
folrm o Y few) |
g€G,
gxg~leH

Let xq, -+, x,, be the set of irreducible characters of G and let R(G) be the ring
of virtual characters,

R(G) =Zx1 & - & Zxy- (32)

22
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Indg and Resﬁ induce ring homomorphisms Ind : R(H) - R(G) and Res:
R(G) — R(H), respectively. They are adjoints with respect to the bilinear forms
(-,-)y and (-,-)g,; moreover because Ind(¢ - Res(y)) = Ind(¢) - ¢, the image
of Ind is an ideal of R(G).

Let X be a family of subgroups of G and Ind : @ R(H) — R(G). Then G is
the union of all conjugates of the subgroups of XX, if and only if the cokernel of
Ind is finite.

Since R(G) is finitely generated as an abelian group, the latter condition may
be restated as, for every character y of G, there are virtual characters yy €
R(H) forH € X andd € Z, such thatd - x = ¥, Indf; (xy)-

Notice that the family of cyclic subgroups of G satisfies the first condition;
therefore, as a corollary,

Every character of G is a linear combination with rational coefficients of
characters induced by characters of cyclic subgroups of G.

First proof of Artin’s theorem. The first condition is equivalently stated as Ind ®;
C: @yexRH) ®z C - R(G) ®7 C is surjective, or by adjointness, Res ®; C
is injective. If the first condition holds, then any class function on G which
restricts to zero on each subgroup in X is itself zero because G is covered by
conjugates of subgroups in X, so injectivity holds.

Conversely if the second condition holds let S be the union of conjugates of the
subgroups in X. Every class function on G is of the form ), Ind$ (fy), so it
vanishes outside of S. Therefore the complement of S must be empty, so S = G
is the union of all conjugates of subgroups in X. O

Second proof of Artin’s theorem, “only if” part. If C is a cyclic group, let 6, be a
class function on A defined by

(33)

_ Jaif x genereates A
fa00) = {0 otherwise

Claim. If G is a finite group, then |G| = }_- <G cydlic Indg( Oc).

The claim can be proved by Theorem 3.16. Also, this proves 6. = |C|—
2.B<C eyclic Ind4 (6g), so by induction on |C|, 6 € R(C). Therefore, the constant
function |G| is in the image of Ind. Since the image of Ind is an ideal, im Ind
contains every element of the form gy, so coker Ind is finite (actually its order
is a factor of |G|). |
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Functions

For materials on Young tableux and symmetric functions we refer to the
book Young Tableux with Applications to Representation Theory and Geometry,
especially section 6 Symmetric Functions, and also the corresponding notes. We
fix some notation here.

The graded ring of symmetric functions on n variables is denoted by A, =
D20 A and A =lim A,

The monomial symmetric function is m, (xy, -+, x,,) = 3 x* € A}, where A -
r and a varies over all permutations of A. m -, is called the elementary sym-
metric function e,, and ¢y = ¢, -¢,, - . The complete symmetric function
is h(xq,,x,) = 3y ,my and hy = hy - hy, ----. The power sum is p, = m,,
and py = p,, - pa, - - Let s, be the Schur polynomial. These are all Z-bases
for A.

lifA=p

An inner product on A is defined by <s s sy> = { In this inner product,

0 otherwise”
h, is dual to m,, and p, is dual to Z;Z—/A\), where z(A) =[], " - m,, and m, is the

number of times r appears in A. We obtain the following three identities:

m_ 1
H I—[ 1 — xl.y]. = Zh/\(x)m/\(y) = Z mpA(JC)p/\(y) = ;S/\(X)S/\(y)(34)

A A



THM 4.1

w: sy, — s,r is a ring automorphism, and also an involution and an isometry
(i.e. preserving the inner product). Under this involution, w(h,) =e,, w(p,) =
(—1)Z(Pi_1)PA-

The Jacobi-Trudy identity is

s) = det(hAi_iﬂ-)Ki,jgn, (35)
where /1, = 0 for v < 0. The dual identity (by applying w) is
sy = det(eAfT_Hj)lgi,jgn' (36)

@®4.2 Specht Modules

25

Let T denote a Young diagram of shape A - n numbered by integers 1 to n with
no repeats (not necessarily a Young tableau). The action of §,, on T, ¢ - T, puts
number ¢ (i) in the box in which T puts i. The column / row group of T is the
subgroup of &,, that permutes each column / row within themselves, denoted
Cr and Rr.

Define

br= Y (-1)8g ar= ) g, cr=brar € C[&,]. (37)
8€Cr 8ERT

Then for any r € Ry and ¢ € Cr, byr = rbyr = (=1)"br and cay = apc = ar. In
particular, a2 = |R|ay and b% = |Cr|br.

V) := C[6,,] - ¢y (where U is any numbered Young diagram of shape 1) is an
irreducible representation of G,,, and every irreducible representation of S, is
isomorphic to some V. These representations are called Specht modules.

As a corollary all (complex) representations of G,, can be realized over Q.

Proof. Define a tabloid {T} as the orbit of a numbered Young diagram T under
the action of the row group, and let M, be the space with basis all tabloids. We
can make the identification that ¢ € &,, corresponds to ¢ - U; then M, is a left
C[6,,]-module, and V, is spanned by all ¢ - b;; - {U} where ¢ € G,,. Denote
vr = by - {T}, then ¢ - v = v,.1; so V, is stable under C[&,,], and in fact V)
is essentially the subspace of M, spanned by bt - {T} for all numbered Young
diagrams T of shape A.
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1. Suppose T, and T). are two numbered Young diagrams and A does not
strictly dominate A’. Then either there are two distinct integers that occur
in the same row of T’ and the same column of T, or A = A’ and there is some
p' € Qy and g € P, such thatp’ - T = g - T. (The two cannot happen at the
same time.)

2. If there is a pair of integers in the same row of T’ and in the same column
of T, then by - {T'} = 0. Otherwise, by - {T'} = +vr.

As a corollary,

bT'M/\:bT'V/\:CUT:ﬁO,

38
bT'M/\/:bT'V/\/:Oif/\/>A. ( )

The A’ > A (lexicographic order) condition can be relaxed to A B A’ (dominance
order).

This proves irreducibility: any subrepresentation of V, must contain v under
the action of by, and any subrepresentation containing v generates V, under
the action of &,,. Moreover they are pairwise non-isomorphic by the second
equation. Since the number of irreducible representations of G, is equal to the
number of conjugacy classes, which is in turn equal to the number of partitions
of n, we have thus produced all irreducible representations of &,,. O

Since the exact U defining V, does not matter, we choose any numbered
diagram U and denote c¢; by c,.

Equation 38 has an important consequence that

For any x € C[&,,], there is some scalar 4 € C such that byxa, = ubya,.IfA" >
A (or, actually, A 2 A'), then byxa,, = 0.

The proof is just by Equation 38 and apply the identification o «— ¢ - U.

2 _ n!
A= Gmv, A
Proof. By the previous proposition 5 = 1,c,. Let ¢ be the right multiplication
by % Then trp = % However, % is an idempotent, so ¢ is a projection onto
im ¢. So tr ¢ = dim C[&,,]72 = dim V. Therefore, n, = ! O

D dimV, "

Recall that M, is the space with basis all tabloids of shape A. Again by
Equation 38,

Homeg, (M), V,,) = 0if p 2 A. Homeg, | (M, V) = 1.
In particular M), =V, @ Dor kua Vi
Proof. We need an algebraic lemma:

If A is an algebra with unit and an idempotent e, M a left A-module, then
Hom 4 (Ae, M) = eM.



PROP 4.7

REM 4.8 I

Using this lemma, let A = C[&,,], e =a, (not quite an idempotent but up
to a scalar) and M = Vw we have Homg (MA,VH) = HomA(Aa/\,Acﬂ) =
a/\Abya}l. If A, then aAAbV =0 (Proposition 4.3, inverse); therefore
Homg (M,,V,) =0. 0

We will prove that the numbers k,,, are actually the Kostka numbers.

Denote x);, the character of the representation of &, on M,, and C, the
conjugacy class of &,, defined by the partition y. Then x,, (C}l) is the number
of tabloids fixed by ¢. By a binomial expansion, we can show that

The character x,,, on the conjugacy class C,, is equal to the coefficient before

my inp,.

That is,
P (x) = ; xm, (Cp) - (x), (39)
or by dualizing,
=Y ZLXMA(CH)pP,(x). (40)
ubn “p

The convention in the class and Etingof’s book is different: they used c, = a,b,
instead of b,a, here. The resulting representations are isomorphic.

@ 4.3 Ring of Representations
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Let R, be the Grothendieck group of G,,, the free abelian group with basis given
by isomorphism classes of finite dimensional representations of G,,, such that
[VI+[Wl=[U]lifU=VeW.LetR =@, R,

V, forms a basis of R. Since the relation between M, and V,, is upper-triangular
(Proposition 4.5), [M, ] is also a basis of R.

We can define a multiplication on R as follows. For [V] € R,, and [W] € R,,,
consider &,, x &, as a subgroup of &,,,,, then [V]o[W]:= [Indg:;;”gnV ®
W]. This R is called the representation ring of G,,.

This ring R is a commutative, associative, graded ring with unit, with a
bilinear form ([V],[W]) = % dee xv(@)xw(o), and an involution [V] —
[V ® sign].

We show that there is a nice correspondence ¢ between R and the ring of
symmetric functions A; “nice” in terms that ¢ is an isomorphism, an isometry
(preserving the bilinear forms) and ¢ preserves the involution.

This ¢ is defined by ¢ : A - R, hy — [M,].
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1. This ¢ is a ring isomorphism and an isometry.

2. ¢(sp) = [Va].
3. Ifw: A - Aistheinvolution/, — ¢, and w : R — R is the involution [V] —
[V ®sign], then pow = wo ¢.

Proof. A = Z[hq,h,,---]. Therefore, to verify that ¢ is a ring homomorphism
we only need to prove, for A = (A; > - /\k) that [MA ] [MA ] [M,].
This follows from the fact that [M,] = IndR”l Since [M, ] forms a basis of R,
¢ is a ring isomorphism.

Recall that hA = Zy Z, X, (C(#))p,. Construct an 1nverse l,b R—-A®Q by
V]~ Z;u—n : )(V(C(y))py Then the composition A - R A® Q is hy —
[M)]~ 3, s XM (C(u))p,, = hy is the identity map. Therefore y is the inverse
of ¢ and in partlcular the image of ¢ lies in A itself.

We next show ¢ is an isometry. To do this it’s enough to show that ¢ is an

isometry, or ([V], [W]) = (¢([V1]), p([W])). Recall that (p,,p,) = {;*~ " ﬁﬁ;z
So

1
(PAVD,PIND) = 3 Y —xv (CONXWCAD) (PaPy)

Abn pbn A“p
A= 1
== ) v () ()
ukn P‘ (41)
2=y 1
Pl Z v (@)xw(g)
€GB,

V and W are real ([V1,[W]).
Recall that hy =s, + 3., ., K,\S,, where K, are the Kostka numbers. Since
this is an upper-triangular relation, we can solve s, in terms of 11): s, = h, +
Zy>/\ ayzhy. Apply ¢: ¢(sy) = [My] + Zy>)\ a,[My] = [Va] + Zy>)\ bA[Vy ]
Since g is an isometry, it follows that 1 = {s;,5,) = (¢(5,), 9(5,)) = 1 + Y. V?,
Therefore, b,A = 0 and the right hand side must be [V, ] alone.

To prove the third part, we prove that ) o w = w o 3. For any representation V
of G,

1 _
PV ®sign) = ) —xv(Cu)) (~DZHDp,
ukn Zu

=) —XV(C(ﬂ))( LlF=Gp,
un 14 (42)

=Y SxC)wlp,)

ukn 2

=w(ypV)).
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In particular, M), =V, & D o1 Kia V-

With this result, we can transfer our knowledge about symmetric func-
tions to representations of &,, and vice versa. For example, pu(x) =
Y aen Xv, (C(1))sy (x). For another example, recall the Littlewood-Richardson

i - y . .y e .
coefficients s;s,, = }° vA+v CApSv- BY interpreting ¢}, as a multiplicity of irre-
ducible representation, we can proof they are non-negative integers.

If V is a representation of S,,, define its Frobenius character by Fy (x) :=
2 n %XV(C(V))W (x) € A. Then

Far, (x) = hy (%), Fy, (x) =5, (x).

If A+n, N>I(A) (I(A) denoting the length of 1), then

N .
xv, (C(n)) = [nx?#N_l]( n (xi_xj)py<x1/"'/xN))- (43)

i=1 1<i<j<N

xM](p(x)) denotes the coefficient in p(x) before x*.
p p

Proof. We first assume that N > n and let xp,1 = xy42 = --- = 0. Then
Pu(X1, -+, XN) = Z Xv, (C())sa(x1, -, xN). (44)
Abn
Forua € ZIQIO, define a, (x) = det(x?f) .Letd=(N-1,N—-2,---,0). Then
> o) 1<i j<N

S/\(-xll“'/xN) = a(;(x) .
Since az(x) = H1<i<J<N<xi - x]’)’

[T (i—x) pulrr ) = ) xv, (CONALL (). (45)

1<i<j<N AFn

To proof the proposition, we only need to observe that for A, v I n,

lifv = A
[ *°](ay45(0)) = {o Y (46)

which directly follows from the definition of a,, and the fact that the numbers
in A + ¢ (and v + §) are strictly decreasing.

To prove the result for N > [(A), notice that the right hand side of the equation
remains the same for all N > [(1), and we already proved the case N > n. O

For a box (i,j) in A, define the hook length /(i,j) by the number of boxes in
its row and to its right, or in its column and below it, including itself. Define

fA = H(i,j)eA h(i/j)'
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n!

dimV, = _fA (47)
Proof. Let u = (1"). By Proposition 4.11, denoting N = I(A),
dim V), = xv, C(u)
N A+N—i n
= [nxi’ } 1—[ (xi—xj)(x1+---+xN)
i=1 1<i<j<N
N Ai+N—i N N j
= {nxi’ } > EDT T (e +xN)n)
i=1 cEGy i=1
n!
= Z (-7 — wherel; = A; + N —i
cEGy [[,(h =N +o@)! (48)
o () =N-I,
|
= Y D= D)l = N+ () + 1)
Hl 1lz U'EGN
Hl'det(l (l,-N+j+1))
det(N ) = 2 [T (1-1)
et = =1 ).
Hl' Hli! 1<i<j<N l !

On the other hand, by a combinatorial argument,

A
[]r,)) = [ k. (49)
j=1 1<k<A+N—i

k#Ai=Aj+j—1,V]

Therefore the two sides are equal. O
We also give a result for representations of 2,,.

Suppose A + n. Then

1. If A # AT, then Resi’: V), is irreducible.

2. If A=AT, then Resgz Vy =W, & W), where W, 2 W) and both are irre-
ducible representations of 2,,.

3. Any irreducible complex representation of 2(,, appears inside some V, and
this A is unique up to a transposition.

Proof.
G .
Indy"1 = 1 & sign.

By Frobenius reciprocity, Homy (Resi:’ Vi Resg:: Vv A) =
Homg, (VA, IndS;1 Resg;1 VA) .
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Indy"Resy"V, = V) @ Indy"1 = V, @ (V, @ sign) =V, @ Vyr.  (50)

Therefore, if A # AT, then Homg (V), IndS:ReSSZVA =GC, so ResSZVA is
irreducible. If A = AT, then Homg_ VA,IndSZResgz V,)=C? so Resgz V, is

the direct sum of two irreducible representations W, & W3, and W) £ W,. O

@ 4.4 Representations of GL(V)
¥ 4.4.1 Schur-Weyl Duality
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Let E be a finite dimensional vector space over k, A, B C End(E) are two subal-
gebras, where A is semisimple and B = End 4 (E). Then

1. A = Endg(E);

2. B is semisimple; and

3. as arepresentation of A ® B, E = @, V; ® W;, where V; and W; are enumer-
ations of irreducible representations of A and B respectively. In particular,
there is a bijection between irreducible representations of A and irreducible
representations of B.

Proof. Since A is semisimple, A = @,End(V;), and E =@, V; ® W; where
W; = Hom, (V;,E) by the isotypical decomposition. Then B = End4(E) =
HomA<EBi Vie W, EB]. V:® W]-) = @, End(W;), so B is semisimple, so simi-
larly A = Endg(E). O
Consider the case where V is a finite dimensional vector space over C and
E=V®" Let &, act on E by permutation of tensor components, and A be

the image of C[&,,] —» End(E) under this action. Let gl(V) be the Lie algebra
(End(V), [/ ])’

The algebra B = End 4 (E) = S"” End (V) is the image of the universal enveloping
algebra Ul (gl(V)) under the natural action on E. That is, B is generated by

A,(D)=b1®-®1+10b®®1+-+1Q1Q®--®b (51)
for b € gl(V) as an algebra.
The image of GL(V) in End(E) spans B = S" End (V) as a vector space.

As a representation of G,, x GL(V),

Ven ~ @ V/\ ® L/\, (52)
Arn

where L, = Homg (V,, V®") is either an irreducible representation of GL(V)
or zero, and the non-zero L,’s are distinct.

For example, if A = (n), then V, =1, and L, = (V®”)G” =§"V; if A = (1"),
then L, = A"V.



We now want to calculate the character of L. Suppose N = dim V, ey, ---, ex i
abasisof V, g € GL(V) and ¢y, ---, {y are eigenvalues of g. Suppose s € C(y) C
S,,, and p has my 1’s, m, 2’s, .., m; k’s. Then we can decompose s into cycles
of length m, ---,m;. For a cycle s = (12---m), (g®mso)(eil ®-® eim) =ge; ®
ge;, ® - ®ge; ; therefore, the trace of ¢®"'sy on V®™ is

tryem = Z gimilgljiz.“gim—lim
1<i1/"'/irn<N
= tI'V gm
= Pm (1, 8N)-

Therefore, for s € C(u), tryen(g®"s) = p,(1,+++,{n)- Applying the decomposi-
tion is Corollary 4.18,

(53)

Pu(Gren) = Y xv, (C(u)xr, (8)- (54)

An
On the other hand, because the Frobenius character of V, is

Zykn %XVA(C(V))I?” =s,, we also have

pu=Y xv,(C(1))sx. (55)

AFn
Therefore, x;,(g) = 51(S1, -+, én)- We thus obtained
THM 419 § IfI(A) > N, then L, = 0.
Weyl character formula If I(A) < N, then L (9) = 51 (&1, En).

Using the formula

i

A +N—j
det (x / ]>
1<i

<ijsN
s\ (x1, 00, 2) = N (56)
det (xi )
<ij<N
taking ¢ = id, we obtain?
COR 4.20 A=A+ j—i
; _ ]
Weyl dimension | dimL, = H =i (57)
1<i<j<N
formula

COR 4.21 || Let A + (1V) denote the partition of n + N that adds to 1 to every A;.
Then L/\+(1N) = L)L X ANV

This corollary allows us to generalize L, to any A € ZN with A > .- > Ay, not
necessarily non-negative. Take r > 0 such that A + (#V) is indeed a partition
(of n + rN). We then let

2The denominator is zero in this case, so you need to approximate it by s A(l,z, e, ZN ‘1)
and take the limit as z — 1.

32
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Ly = Ly, ony ® (ANV*)", (58)

The representation L,y = ANV is called the determinant representation,
denoted det. Its dual representation is ANV* = det™!, so ANV @ ANV* = C.
Therefore, together with the corollary, this definition is independent on the
choice of r.

4.4.2 Algebraic Representations of GL(V)

Denote G = GL(V). Define R to be the ring of polynomial functions on G, i.e.
R = (C[gi]-] [ﬁ] Here g;; are viewed as formal variables, and det is viewed as
a polynomial in g;;. For example, if V = C, then G = C* and R = C[x,x"'].

If we view G as the subvariety of U = Maty;, v x C defined by the equation y -
detg =1 (where (g,v) € Maty,n x C), then the function ring on G is exactly

ClMaty,n][y]/(ydet-1) = C[gij] [ﬁ]

A finite dimensional representation Y of GL(V) is called algebraic (or rational
or polynomial), if the matrix coefficients of the action on Y belongs to R; i.e.,
forallg e GL(V),v e Y and u € Y*, (u,gv) € R.

By definition, any subrepresentation or quotient representation of an algebraic
representation is also algebraic. V itself is algebraic, and so are V* and V®”",
Therefore, L, are algebraic.

Denote A* = {(A; > - > Ay) € ZN}.2

1. Let Gx Gactson Ras ((g,h)(¢))(x) = ¢(g~'xh). Then as a G x G-represen-
tation, R = @, _,+ L} ® L.

2. Any algebraic representation of G is completely reducible.

Proof. G x G acts on Maty,n by (g,h)¢ = gph~!. Then as a G x G-representa-
tion, Maty,n = V ® V*, where the first G acts on V and the second G acts on
V*. C[Maty,n] =Sym(V*® V) = D,5, 5" (V* ® V), and

VeV)®'=| @ LieVi|e| @ L,oV,| (59)
AFn ukn
IM<SN I(n)<N
SO
§"(V*®V) =Homg (C,(V*@V)®")= P Li®L, (60)
A
Z(A')_gnN

by Schur’s lemma.

the dominant integral weights
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Let p be the representation of Gx G on C* by (g,h) — (detg)~!(deth),
or as a G x G-representation, p = ANV* ® ANV. Extend the G x G-action on
C[Matyyy] to C[Matyyn][y] by requiring that G x G acts on y via p~!. Then

(g,h) - (ydet—1) = ((g,h) -y)((detg)~1(deth) - det) — 1 = ydet—1, (61)

SO

C[Matyun][y] = P B (L} ® Ly)y”

=0 Abn
IAMKN

=@ @ LieL)ep™

=0 Abn

IAMEN
(62)
=@ B (sl e (ANV g ANY*)™
=0 Abn

IMEN

II
h
>~ ok
&.
Z
®
h
>
E?
Z

So far we have copies of the same L} appearing from various d. Recall that R
is the quotient of C[Maty,n][y] by (ydet—1). In this quotient, (L} ® L, )y is
identified with (L} +(1N) ®L,, (1N))yd+1. Therefore, as G x G-representations,

R= P Li®L,. (63)
AEAT

O

{Ly TuE A+} is a complete list of pairwise non-isomorphic irreducible alge-
braic representations of GL(V).

@®4.5 The Okounkov-Vershik Approach
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We treat &, as the subgroup of &, fixing k + 1.

Suppose A and B are semisimple algebras, 7:B — A an algebra homo-
morphism. Since A and B are semisimple, we can write them as A =
Bve ) End(V), B = @ Irr(B) End(U). For U € Irr(B) and V € Irr(A), let
My = HomB(LI V), where V is seen as an representation of B by composi-
tionB 5 A% End(V). Then V = @ ;¢ 1,,(5) U ® My 1 as representations of B
(My ; records the multiplicity of U and does not have a B-action).

Define the centralizer Zz(A) = {a € A :a7(b) = 7(b)a, Vb € B}. The central-
izer is a subalgebra of A, and acts on My, ; by (a- ¢)(u) = a(e(u)).

Since A can be written as @y ¢ 1,4y End(V), we can write Z(A) as
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ZB(A):ZB( P End(V))

Ve lrr(A)
= @ Homg(V,V)
Ve lrr(A)
(64)
= HomB @ u ® MV,UI @ u ® MV,U’
Velrr(A) Ue Irr(B) u’e Irr(B)
Schur lemma @ E
Ve lrr(A)
Ue Irr(B)
Mvru;to

As a corollary, Zg(A) is commutative if and only if for all U € Irr(B) and V €
Irr(A), dim Homg (U, V) < 1.

Suppose H C G are finite groups. If 7 : B — A is an inclusion of group algebras
C[H] < CI[G], then Z¢y(C[G]) consists of elements dec 1,8 where ag =
Apygp1 for all h € H. Hence, Z¢(1;(C[G]) has a basis bc = decg where C is

an H-conjugacy class in G.

We now take 7 : B — A to be the inclusion C[&,,] - C[&,,] for 0 < m < nand
denote Z,,(n) = Z¢[g,,1(C[&,]). The &,,-conjugacy classes in &,, are cycles
with marked elements m + 1,m + 2,---,n. For example, when m =3, n =6,
some marked cycles are

(xx4)(5)(6), (#%5)(46), (+=*5)(x4)(6), - (65)

For another example, if m = n — 1, then (* n) is a conjugacy class, and the cor-
responding basis element b, = Z;:ll (jn) is called the n-th Jucys-Murphy
element.

Let Sy ={8§ € 6,:8() =i, V1 <i<m}. Z,(n) contains the following
elements:

« center of C[&,, ], which is Z,, (m);

* C[G[m+1,n]];
* Jins1sJmans -+, Jns they mutually commute.

The algebra Z,,(n) is generated by the above elements.

As a corollary, Z,,_;(n) is commutative, so any irreducible representation of
S,,_1 appears at most once in the restriction of any irreducible representation of
S, to 6,,_1, and according to Schur lemma, J,, acts by scalar multiplication on
each irreducible G,,_;-subrepresentation of any irreducible &,,-representation.
(This is a consequence of the branching law: the restriction of V, from &,, to
&,,_1 decomposes into V)| 5 where O ranges through all removable box of A.)

Based on this, we define the branching graph as an infinite directed tree
with vertices isomorphism classes of irreducible representations of symmetric
groups, and edges U — V where V € Irr(6,,), U € Irr(S,,_;) for some n, such
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that U appears in Resgz_1 (V). This graph remains invariant if we tensor every
representation with the sign representation, replacing U by U ® sign,;; this
makes it “symmetric”.

Suppose V" € Irr(S,,) for n € Z,, and denote Path(V"™,V") the set of all
paths from V™ to V" in the branching graph. Let Path(V") = Path(triv,, V")
and Path,, = UV”eIrr(Gn) Path(V"). For P = (V™ — ... > V") & Path(V™, V"),
write V™ (P) for the copy of V" inside V" by the composition of inclusions
corresponding to P. Then, as G,,-representations,

vi= P $B V(D). (66)
Ve Irr(6,,) P€ Path(V™, V")

Let ¢p : V" = V" be the embedding corresponding to path P; they form a basis
for Homg (V™, V™).

Z,,(n) acts on Homem(Vm,V”) by (a-¢)(u) =a-¢u). Since [, € Z,,(n),
Ji also acts on Homg (V™,V"). For every edge Vk=1 5 VK in the path,
assign a number wj, to it, defined as the scalar by which J, acts on V*-1:
Jilyk-1 = wiidyx-1. Then Ji acts on ¢p as Ji - ¢p = wipp. The weight vector
(W41, +++, wy,) is denoted by wp.

{pp : P € Path(V™,V™)} is a basis for Homg (V™, V™).

Since V! = triv, Homen(Vl,V”) = V", Let vp = @p for P € Path(V"). As a
corollary, {vp : P € Path(V")} is a basis for V", and for any 1 < k < n, [ivp =
wkvp.

As another corollary, if P € Path(V™) and Q € Path(V™, V"), then Upq s
proportional to ¢ (vp).

Suppose P, P" € Path,,. Then wp = wp: if and only if P = P’.
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Denote wt, = {wp : P € Path,,}. We say wp and wp, are r-equivalent if they
are the weights of two paths leading to the same irreducible representation.
This is an equivalence relation, therefore the study of Irr(S,,) reduces to the
study of equivalence classes of r-equivalence.

Let Path(P, i) be the set of paths that differs from P only at level i. Denote Vp ; =
Spanc{vp : P € Path(P,i)} C V".

Vp; CV"isaZ;_(i+1)-submodule, and it’s an irreducible Z; ; (i + 1)-mod-
ule.

Recall that Z;_;(i+ 1) is generated by Z; 1(i—1), X1 =J;, Xo = J;;1 and T =
(ii+1). Observe that X;, X, and T has the following relations:

X1X, = XpXq, T? =1, TX; = X,T — 1. (67)

The algebra generated by the above three relations is called a degenerate
affine Hecke algebra /{(2). Then there is an algebra homomorphism }(2) —
Zi_1(i+1).

If M is an irreducible Z,;_; (i + 1)-module, then M is also irreducible as an }(2)
-module.

The finite-dimensional irreducible representations of }(2) are classified by
(a,b) € C? — L(a,b), where (a,b) are simultaneous eigenvalues of X; and X,
in L(a,b):

1. Ifb=a+1,thenL(a,b) =C, T~ 1, X; »aand X, — b.

2. Ifb=a—-1,thenL(a,b) =C, T~ -1, Xy »aand X, - b.

3. Ifb+a+1,thenL(ab)=C%T (1 1), X, o (“ ‘bl) and X, — (b ;).

4. X, and X, are diagonalizable in L(a, b) if and only if a # b.

Vp,; is isomorphic to Homg_ (V'~!, V1) asa Z;_; (i + 1)-module, and this is
an irreducible representation for Z;_; (i + 1). Since there is an algebra homo-
morphism from }(2) to Z; (i + 1), Vp; is also an irreducible H(2)-module.
Therefore, Vp ; is isomorphic to one of the L defined above. By the classification,
we obtain

Let wp = (wy, -+, w,) € wt,. Then
Low; # wiyq;
2. If w; 1 = w; + 1, then Path(P,i) = {P};
3. If w; 1 # w; + 1, then Path(P,i) = {P,P’'} and
Wpr = (W, -+, Wi—1, Wi, Wi, Wiy, -+ W) (68)

4. Ifi<n—-1, w; = w; ;1 + 1 implies that w; , # w;.
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According to this theorem, we define an admissible transposition on C" as
a transposition (wy, -, w,) = (-, W;_1, Wi 1, W;, Wi4p, ) Where w; 1 # w; + 1.
We say two elements of C” are c-equivalent, denoted by ~, if one is obtained
from the other by a sequence of admissible transpositions. A combinatorial
weight is an element in C” such that every element w c-equivlent to it satisfies
wy =0, w; # w; 1 foralll <i<n-1,and w;, ; = w; + 1 implies w; , # w; for
all 1 < i< n—2.Let cwt, be the set of combinatorial weights.

1. wt, C cwt,, and wt,, is a union of c-equivalence classes;
2. c-equivalence implies r-equivalence in wt,,.

Therefore, the number of r-equivalence classes is no larger than the number
of c-equivalence classes in wt,, and is in turn no larger the that in cwt,,. On
the other hand, the number of r-equivalence classes is equal to the number of
irreducible representations of &,,, which is p(n), the partition number of n. We
now prove the final combinatorial lemma, that

Every c-equivalence class in cwt,, contains an element of the form

(
0,1,2, 1y —1,
21,0, 10,115 — 2,

-2,-1,0,--, Ny — 3, (69)
1—k2—k3—k - n—k

)

for some positive integers ny > n, > -+ > n; > 1 such that } ;n; = n.

In particular, the number of c-equivalence classes in cwt,, is no larger than p(n),
completing the cycle of inequalities.

Proof. Consider the lexicographic order on an equivalence class in cwt,. Let
(wq,---, w,,) be the maximal element in its equivalence classes. This element has
the desired form. O

This implies cwt,, = wt,,, c-equivalence is r-equivalence, and the (14, ---, ;) in
the lemma is unique; this establishes a bijection between irreducible represen-
tations of &,, with a partition (n4, -, 1) of n.

To see the relation with Young diagrams, suppose A be a partition of n and T
is a standard Young tableaux of of shape A. Its content is defined by ¢(T) =
(x1 =y, %, —y,) € Z", where (x;,y;) is the coordinate of the box labelled
by i. The content T — c(T) gives a bijection between standard Young tableaux
with n boxes and cwt,,, and the shape of the tableaux is equal to the partition
defined in Lemma 4.32. As a corollary, V, has a basis given by vy, where T
iterates over all standard Young tableaux of shape A, and the Jucys-Murphy
elements act on this basis as ;v = (x; — y;)vr, where (x;,y;) is the coordinate
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of the box labelled i in T. As another corollary, we obtain the branching rule

Resgz_1 (Vy) =6 u=ana Vi and J,, acts on V,, by scalar multiplication by the

content of the removed box.
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Section 5
Representations of
GL, F,

Let G = GL,(F,), with |G| = (4% — 1) (¢* — q). Suppose A € G with eigenvalues
A1, Ay. Let C4 be the conjugacy class of A.

Case a: parabolic, Ay = A, = x € F7. If A is diagonalizable, then |C,4| = 1. If not,
U x1 N (€] . T
then A ( x), and |Cy| = s =1 1.
. x G
Case b: hyperbolic, Ay # A, € F7. Then [Cy| = (q|——1‘)2 =q% +q.

Case c: elliptic, Ay # A, & F,;. Consider a quadratic extension of F,, F» =
IFJ?[‘;;E]. Then Azl =1 + ayVE, Ay = ay — 4V = Ay, where ¢; € F}, and A ~
(y x)‘ |CA| :q _q'

Represen- C number of
tatives A Cal classes
(x x) 1 q- 1
(") | -1 g-1
() x#y | ?+q | 2a-D(g-2)
GY) | #-q 39(q—1)

We start with 1-dimensional representations. Any 1-dimensional representation
factors through G / [G, G].

[G,G] = SLZ(IFq); the quotient map G —» G/ [G, G] is given by g — detg.

Therefore, G/ [G,G] = Fj = Cq—l' Therefore, any 1-dimensional representa-
tion of G is of the form p(g) = ¢(detg), where ¢ is a 1-dimensional represen-
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tation of Fj. This representation will be denoted C,. This gives us —1 1
-dimensional representations.

We can also construct the principal series representations. Let B be the
subgroup of upper diagonal matrices (the Borel subgroup), U the subgroup
of upper diagonal matrices with diagonals equal to 1, and T the subgroup of
diagonal matrices. Then B/ [B,B] = B/ U =T, and if A; are representations
of Fj, then (” d) — A1 (a)A,(b) gives a representation of T. The composition
Pa,r, : B = T — C* gives a representation of B, denoted C, ,,, and its induces
a representation of G, denoted V), ,, = Ind§ C Ahy

* If Ay # A, then V), isirreducible. Moreover, V), ,, are distinct for different
unordered pairs {A;,A5} (A1 # Aj).

cIfA =Ay=p, thenV,, =C, & W,, where W, is an irreducible represen-
tation of G. Moreover, W, are distinct for different y’s.

Proof. By G =BUBsB where s= (1 1), and sBs'NB=T. By The-
orem 3.17, Resg(VAMZ) =0, © Ind?(pf\l/\z), where p} (“ d) —
PAA, (s‘l (” d)s) = Ay (@)Aq(d). When Ay # Az, 05 , and Res? (PA1A2> are then
disjoint, so V, ,, are irreducible. Moreover, if A, # A, A} # A3,

HomG(V/\lAz’ V)\ﬁ//\’z) = Homp (p)\l)lz ® Ind?(pf\l/\z),p/\/l)\rz)
= Homg (oA 1,/ 0111, ) ® Homp (03 1, Res oz, ) 70)
= Homg (01,1, P21, ) ® Homy (Res py,4,, Res pyr 1, )

= Ciff {A, Ay} = (A4, AL ).

When A=A =, Resg(Cy) = Poups SO HomG(Cy, VW) =
HomB(Resg(Cy),pW) = C,so C, CV,,. Therefore, V,,u = C, & W,. Since
Homg VW,VW) = C? by the same calculation as Equation 70, we deduce
Homg (W, Wy) =C, so W, is irreducible of dimension g. Moreover,
Homg(V,,,,, VW) = Homgpg (pW,pW) @ HomT(Res Py Res pw) =C2iff u=
v,so W, =W, iff y = v. O

Therefore V, ,, gives us %(q —1)(g — 2) many (g + 1)-dimensional irreducible
representations, and W), gives us 4 — 1 many g-dimensional irreducible repre-
sentations. By Proposition 4.11,

Conjugacy class XV, Q)
(") (9 + DAL (DA (x)
(" 1) M @A)
(x y),x FY | M@ 1Y) + A20A ()
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(%)

Another family of representations are the complementary series representa-
tions. We can identify G with the group of invertible F -linear automorphisms
of F 2 This way, G contains the cyclic subgroup ]F;z = {x +yJex,y e
F,, (x,y) + (0,0)}, or in GLz(IFq), {(; Sxy) t(xy) # (0,0)}. Denote the sub-
group by K. Then every character v of K can be induced to a representation of
G, denoted Y,. By Proposition 4.11,

Conjugacy class Xy, (8)
(") 4(g = 1))
() 0
(" y)x#y 0
() v(x +yvE) + v(x — yve)

Notice that v(x — yv&) = v(x + y+)" via the Frobenius automorphism x — x7.
Also via the Frobenius automorphism, Y, = Y 4.

Consider the virtual representation X, = W, ® V,; —V,; —Y,, where a =
Vhpz;.

Conjugacy class xx,(8)
(") (9 - 1ax)
)
(") #y 0
;) ~v(x +yve) — v(x +yve)"

Assume 17 #+ v. Then (XXV'XXV) =1land xx (1) =qg—1>0, so X, is an irre-
ducible representation. X, = X, iff v’ # v, 1.

X, thus gives us %q(q —1) many (g — 1)-dimensional irreducible representa-
tions.

Var, A #A5), W},, Cy and X, (v7 # v) thus gives all irreducible representa-
tions of GLZ(]Fq).
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Section 6
Representations of
Quivers

Suppose I' = (I, E) is a connected graph with no self loops. Denote its adjacency
matrix by Ry. I is called a Dynkin diagram if the quadratic form on RN defined
by Ar = 2I — Ry is positive definite.

All Dynkin diagrams are classified by three families:

l

Ay (shown here As)

Dy (shown here Dy) . . . <

[ ]
[ )

[ ]
[ ]
[ ]

Eq l
Suppose T is a Dynkin diagram, define the bilinear form B(x,y) = x" Ary on
Z". Then B is positive definite, and B(x,x) =2 x? — hW 2 Ti%iXps where r;; is 1
or 0 determined by whether i and j are connected or not. In particular, B(x, x) is

always even. A root with respect to a certain positive definite inner product B
is a shortest non-zero vector in Z", and in this case, v € Z" such that B(v,v) =
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2. Obviously there are only finitely many roots. Define the simple roots «; =
(0,---,0,1,0,---,0) with 1 on the i-th component.

If & is a root, « = ) ka;, then either all k; are non-negative, or all k; are non-
positive. « is called a positive root or a negative root correspondingly.

Proof. Argue by contradiction. Assume that k; > 0, k; < 0 and k; = 0 for all s in
between i and j. Let ¢ be the edge connecting i with the other vertex i’ towards
j. Delete ¢ and I' breaks into two parts, I'; containing i and I', containing
j. Suppose B and <y are vectors obtained by restricting the indices of a to
vertices of I'; and I'p, respectively, then « = 8+, B(B,B) =2, B(y,7) = 2,
and 2 = B(a,a) = B(B,B) + B(y,7) +2B(B,7). However, B(B,7v) = —k;k; > 0,
contradiction. O

Let R be the set of roots, R* the set of positive roots, and R~ the set of negative
roots (R~ = —R™).

If « is a root, the reflection s, on R" is s, (v) = v — B(v, a)a. It is equivalent as
the reflection along the hyperplain H, orthogonal to a. If & = «; is a simple root,
s, = s; is called a simple reflection, and the subgroup of O(R") generated
by s; is called the Weyl group W. If the number of roots is finite, then W is
finite. If we fix a labelling 1,2, ---, n of the vertices of Q, then ¢ = sys5---s,, € W
is called the Coxeter element.

Let B = Y ka; # 0 with k; > O for all i. Then there is some N > 0, such that ¢V 3
has at least one strictly negative coefficient.

Suppose Q is a quiver, or equivalently a directed graph. For any i € I, define
the representation S(i) by assigning to each vertex j the vector space 5(i); = 0
ifj #iand C if j = i, and for any h € E, the linear map assigned to h is x;, = 0.
S(i) is an irreducible representation, and are non-isomorphic for different i.

Assume Q has no oriented cycles. Then S(i) are all irreducible representations

of Q.

Proof. Suppose V is a irreducible representation of Q, let I' = {i € I : V; # 0}.
We want to find an i € I’ such that dim V; - S(i) is a subrepresentation of V. A
sufficient condition for such an 7 if that for any j € I, there is no edge from i
to j. This is ensured by the assumption that Q has no oriented cycles. O

For a representation V of Q, define its dimension vector by
dimV = (dim Vy, -, dimV,,) € ZL,. (71)

For v € Zl;o; let the representation space be Rep(Q,v) be the space of repre-
sentations V of Q such that dim V = v, Equivalently,

Rep(Q,v) = @ Homc (C%, C%"). (72)
heE
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GL(v) = [],; GL(v;) acts on Rep(Q,v) by conjugation: x;, — gt Two
representations in Rep(Q, v) are isomorphic if and only if they are in the same
GL(v)-orbit.

A quiver Q is of finite type if the number of indecomposable representations is
finite up to isomorphisms. A non-example is the Jordan quiver consisting of one
vertex and one self-loop.

A connected quiver Q is of finite type, if and only if the underlying unoriented
graph I is a Dynkin diagram.

Moreover, isomorphism classes of indecomposable representations of Q are in
one-to-one correspondence with the positive roots associated to I', by V «—
dim V.

Proof. For the only if part we refer to the homework (it requires a bit algebraic
geometry). We now prove the if part.

If Q is a quiver, call i € I a sink or source if all edges connected to i points
towards / away from i. If i is a sink or a source, let Q; be the quiver obtained
from Q by reversing all arrows connected to i.

We define the reflection functor, as follows. If i is a sink, define F;" : Rep(Q) —
Rep ( Qi) by
j#i

+ _ 17

and for an edge j LA k,ifk # i, x, stays the same, and if k = 7, then j — i becomes
j < i and the map is the composition

ker(@ Vl d Vz) = @ Vl i V] (74)
I—i I—i
Similarly, if i is a source, define F; : Rep(Q) — Rep (Q) by

j#

V.
- _ J
(Fr (")), = {coker (Vim @i Vi) j = 7

and for an edge j Bk, if j # i, x;, stays the same, and if j = i, then i — k becomes
i < k and the map is the composition

Vi = @V, > coker (Vi - P Vl> (76)
i-l i-l
Suppose V is an indecomposable representation of Q.

« If i is a sink, then either V = S(i), or @,_,; V; - V; is surjective.
- If i is a source, then either V = S(i), or V; —» @,_,; V| is injective.



COR 6.7

46

Let V be an indecomposable representation of Q. If i is a sink or a source, then
F} (V) or F; (V) is either zero or indecomposable. If it is zero, then V is S(i).
If it is indecomposable, dim F?(V) =s;-dimV.

Suppose Q is a Dynkin diagram. Fix a labelling by 1,2,---,n of Q wuch that
i <j if one can reach j from i. This labelling has the property that if n is a
sink of Q, then n — 1 is a sink of Q,,. Therefore, we can consider a sequence of
representations

VO =y, v = FH(VO), V@ = FF (VD). Vi = B (V0-D), 77)

Notice, however, that V" is again a representation of Q because every arrow is
reversed twice. We have dim V™ = ¢ . dim V, where c is the Coxeter element.
Therefore we can repeat the above process, replacing V© by V. This
produces an infinite list of representations

Oy LD,
Yy yotl) L yen-1), (78)

This list of indecomposable representations must have a zero somewhere, since
otherwise dim VM™ = cM . dim V will have a strictly negative component for
some M. So there must be some m such that V™ = S(p) (Lemma 6.3); take
the smallest such m. Suppose F;---F} (V) = S(p), then V = F; ---F; (S(p)), so
dimV =s; -s; (ocp) € R*. We have then produced a map from the indecom-
posable representations of Q to the positive roots, mapping V to dimV € R*.
This map is injective since it only depends on the initial dimension vector.
To prove surjectivity suppose « € R*. Analogously we apply simple reflections
to a:

X, S0, Sy_15y8, ) Sa++ S ;
CQ,8,Cl, S,y _1S,,C, +++,S5++S,,CA; (79)

This list of roots must have a negative root somewhere, since the first column
contains an element with a negative component. Therefore, the last term to the
first negative root in this list must be a simple root, since simple reflections
s; permute positive roots except for «; itself. Suppose s; ---s;a = a,. Let V =
Fi-F; (S(p)), then dimV = a and V is an indecomposable representation. O
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